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We shall give the characterizations of metrizable spaces that have both large transfinite dimension 
Ind and strong small transfinite dimension sind in terms of ranks and developments. A characteriz- 
ation of such separable metrizable spaces by means of embeddings into the Hilbert cube is also 
obtained. 
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strong small transfinite dimension development 
1. Introduction 
Borst [3] introduced a concept of strong small transfinite dimension sind by 
extending the notion of o,-s.c.d. spaces defined by Shmuely [20]. Before stating the 
definition of strong small transfinite dimension, we introduce some notations. For 
each ordinal number (Y, we denote (Y = A(Q) + a((~), where A(cy) is a limit ordinal 
number or 0 and n( cr) is a non-negative integer. For each normal space X and 
non-negative integer n, let P,,(X) = l_! {U: U is an open subspace of X such that 
Ind iJ< n}. 
1.1. Definition ([3]). Let X be a normal space and a either an ordinal number 30 
or the integer -1. Then the strong small transjinite dimension sind of X is defined 
as follows: 
(1) sindX=-1 ifandonlyifX=@ 
(2) sind X s a if X is expressed in the form X = lJ {Pi: 5 < (Y}, where PC = 
P”(#-u{Pq 71(A(5))). 
Spaces that have strong small transfinite dimension are studied by Borst [3] and 
the author [lo]. It should be noticed that Polkowski introduced and studied small 
spaces in [19], independently. As we state in the following proposition, these concepts 
coincide. 
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1.2. Proposition. Let X be a strongly hereditarily normal space. Then the following 
conditions are equivalent: 
(a) X has strong small transjnite dimension sind. 
(b) X is a small space in the sense of Polkowski [19]. 
(c) D(X) < A (see [ 1 l] for the definition of D-dimension). 
The equivalence of (a) and (b) of the above proposition follows from [3, Ch. IV, 
Proposition 31 and [19, Proposition 3.31. The equivalence of (b) and (c) is shown 
by Polkowski [19, Section 21. 
The purpose of the present paper is to give characterizations of certain classes 
of metrizable spaces that have transfinite dimensions. In Section 2, we characterize 
separable metrizable spaces that have both large transfinite dimension and strong 
small transfinite dimension by means of embeddings into the Hilbert cube. In Section 
3, characterizations of metrizable spaces that have large transfinite dimension and 
have both large transfinite dimension and strong small transfinite dimension in terms 
of ranks are given. We give also a characterization of spaces that have both large 
transfinite dimension and strong small transfinite dimension in terms of develop- 
ments in Section 3. 
Throughout the present paper all spaces are assumed to be Hausdorff. Let N 
denote the set of all natural numbers. For~a collection d of subsets of a space, let 
tiF4# = l_, {A: A E &}. We refer the readers to [S, 6,171 for the terminology and the 
basic results on dimension theory and infinite dimension theory. The general ter- 
minology and notations follow [4]. 
2. On embeddings into the Hilbert cube 
Recently, Pol [18] gave the characterizations of some dimensional properties in 
the class of separable metrizable spaces by means of embeddings into the Hilbert 
cube I”. In this section, we give a similar characterization of separable metrizable 
spaces that have both large transfinite dimension and strong small transfinite 
dimension. 
2.1. Definition (see [IS]). A normal space X satisfies the condition (K) if there 
exists a compact subspace K of X such that Ind F < CO for every closed subspace 
F of X which does not meet K. 
2.2. Proposition. Let X be a strongly hereditarily normal weakly paracompact space. 
Then X satisfies the condition (K) if and only if there exists no discrete family 
{ U,,: n E N} of open sets of X such that Ind U,, 2 n for each n E N. 
This proposition is well known for the case of metrizable spaces (cf. [211 or [IS]) 
and the proof is quite parallel to that of the case of metrizable spaces. Thus we 
omit the proof. 
Y. Hattori / InJinite dimensional spaces 99 
It is shown that a metrizable space X has large transfinite dimension if and only 
if X is a countable dimensional space satisfying the condition (K) [7] and Sklyarenko 
[21] has proved that a metrizable space X is an S-weakly infinite dimensional space 
if and only if X is an A-weakly infinite dimensional space satisfying the condition 
(K), essentially. In connection with the above results, we obtain the following result 
which plays a fundamental role in this paper. 
2.3. Proposition. For a metrizable space X, the following conditions are equivalent: 
(a) X has both large transfinite dimension and strong small transjinite dimension. 
(b) X is a strongly countable dimensional space which satisfies the condition (K). 
Proof. The implication (a)+ (b) follows from [7, Proposition l] and [lo, Theorem 
1.21. To prove the implication (b) + (a), let X be a strongly countable dimensional 
space and K a compact subspace of X such that Ind F < co for every closed subspace 
F of X which does not meet K. By [7, Proposition 21 and Proposition 2.2, it follows 
that X has large transfinite dimension. Since K is a strongly countable dimensional 
compact metrizable space, by [ 12, Corollary to Theorem 11, D(K) < A. Hence, by 
Proposition 1.2, K has strong small transfinite dimension. Therefore, by [lo, Theorem 
2.11, X has strong small transfinite dimension. This completes the proof. 0 
A subset A of a space X is called residual in X if X -A is the countable union 
of nowhere dense subsets of X. Let C(X, Y) denote the space of all continuous 
mappings of X to the Hilbert cube I” with the metric p(f, g) = 
sup{d(f(x), g(x)): x E X1, where d is a metric on I”. Put E(X, rw) = 
{h E C(X, IW): h is an embedding}. 
2.4. Lemma ([18, Theorem 21). Let X be a separable metrizable space. Then the 
following conditions are equivalent: 
(a) X satisfies the condition (K). 
(b) {h E E(X, P’): h(X)- h(X) is locally finite dimensional} is residual in 
C(X, Z‘“). 
(c) {h E E (X, Iw) : h(X) - h(X) has strong small transfinite dimension} is residual 
in C(X, Iw). 
(d) {h E E(X, La): h(X) - h(X) is strongly countable dimensional} is residual in 
C(X, I”). 
(e) {h E E(X, LU): h(X) - h(X) is countable dimensional} is residual in C(X, I”). 
2.5. Theorem. Let X be a separable metrizable space. Then the following conditions 
are equivalent: 
(a) X has both large transjinite dimension and strong small transfinite dimension. 
(b) H = {h E E(X, lw) : h(X) has strong small transjinite dimension} is residual in 
C(X, I”). 
(c) H*={h E E(X, Zw): h(X) is strongly countable dimensional} is residual in 
C(X, LU). 
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Proof. Let X be a separable metrizable space that has both large transmute 
dimension and strong small transfinite dimension. Put H’= {h E E(X, I”) : h(X) - 
h(X) has strong small transfinite dimension}. By Proposition 2.3 and Lemma 2.4, 
H’ is residual in C(X, I”). Let h E H’. Since both h(X) and h(X)-h(X) have 
strong small transfinite dimension, by [lo, Theorem 2.41, h(X) also has strong small 
transfinite dimension. Therefore h E H and hence H is residual in C(X, I”). The 
implication (b) + (c) is obvious. To prove the implication (c) + (a), we suppose that 
H* is residual in C(X, Z”‘). By Lemma 2.4, it follows that X satisfies the condition 
(K). Let h E H”. Since h(X) is strongly countable dimensional, X is strongly 
countable dimensional. Hence, by Proposition 2.3, X has both large transfinite 
dimension and strong small transfinite dimension. This completes the proof. 0 
2.6. Remark. Recently, Luxemburg mentioned the following theorem [ 13, Theorem 
11: 
Let X be a separable metrizable space and { Li: i E N} a countable family of closed 
subsets of X such that each Li has large transfinite dimension. Let V be the subset 
of E (X, I”) whose members satisfy the following conditions: For each i E N, 
(a) Ind h(Li) < Ind Li, 
(b) Ind h( Li) G ind J!+ 
(c) D(h(Li)) s D(Li), 
(d) h(P(X)) = P(h(X)), where P(Y) = Y--U { Ii: U is an open subspace of Y 
such that Ind U < CO} for a space Y. Then ly is residual in C(X, I”). 
But the condition (d) makes the theorem false. 
Indeed, let X = @ {I”: n E N} be a discrete sum of n-dimensional cubes I”, n E N. 
It is clear that X has no large transfinite dimension and P(X) =B (cf. [6, Example 
2.11). Let h E V. Then, by the condition (d), P(h(X)) = 0, i.e. h(X) is locally finite 
dimensional. Thus V c {h E E(X, IO): h(X) is locally finite dimensional} c H*, 
where H* is defined in Theorem 2.5. By Theorem 2.5, it follows that X 
transfinite dimension. This is a contradiction. 
has large 
3. Characterizations of metrizable spaces that have transfinite dimensions 
In this section, we give the characterizations of metrizable spaces that have 
transfinite dimensions in terms of ranks and developments. First, we consider the 
characterizations of metrizable spaces that have large transfinite dimension and 
have both large transfinite dimension and strong small transfinite dimension in terms 
of ranks. We begin with the definition. 
3.1. Definition ([16]). Let X be a set and n a natural number. A family ti of subsets 
of X is of rank =S n at the point x of X if every subfamily of independent members 
of d containing x is of cardinality G n and then we write rank, ti s n. A family ti 
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of subsets of X is of rank in, we denote rank tis n, if rank, do n for each point 
x of x. 
3.2. Definition (cf. [S]). A family ~4 of subsets of a set X is called pointjnite rank 
if for each point x of X, there is a natural number n such that rank, As n. 
3.3. Definition (cf. [S]). A space X is of countable large basis dimension if it has a 
base 93 which is the countable union of rank 1 collections of open sets of X such 
that each point of X has a neighborhood base belonging to one of the collections. 
The following theorems are obtained by Nagata and Arhangel’skii. 
Theorem A ([16, Theorem 21 and [l]). Let X be a metrizable space. Then dim X G n 
if and only if X has a base of rank in + 1. 
Theorem B ([16, Corollary 41 and [2, Theorem 3.41). Let X be a metrizable space. 
Then X is strongly countable dimensional if and only ifX has a base ofpointfinite rank. 
Theorem C ([2, Theorem 3.11). Let X be a metrizable space. Then X is countable 
dimensional if and only 1f-X is of countable large basis dimension. 
Now we consider the characterizations of metrizable spaces that have transfinite 
dimensions. 
3.4. Definition. A family & of subsets of a space X is of strongly point finite rank 
if for each closed discrete subset F of X, sup{rank, ~29: x E F} < ~0. 
3.5. Definition. A space X is of strongly countable large basis dimension if X has a 
base 6% = U {B3,: n E N}, where rank LB,, = 1 for each n E N, which satisfies that for 
each closed discrete subset F of X, there exists a finite subset {n,, . . . , ni(,,} of N 
such that i(F)S(FI and ~J{.B,,~: i = 1,. . . , i(F)} contains a neighborhood base at 
every point of F. 
It is clear that if a family ~4 of subsets of a space is of strongly point finite rank, 
then s4 is of point finite rank and the two notions coincide in the case of countably 
compact spaces. The same situations hold for the notion of countable large basis 
dimension. 
3.6. Theorem. Let X be a metrizable space. Then the following conditions are 
equivalent: 
(a) X has both large transfinite dimension and strong small transfinite dimension. 
(b) X has a base 93 = U {B,,: n E N} which satisfies the following conditions: 
(i) rank B3, s 1, for each n E N. 
102 Y. Hattori / Injinite dimensional spaces 
(ii) For each x E X, there is a natural number n such that PZ?,, contains a neighborhood 
base at x. 
(iii) For each closed discrete subset F of X, {n E N: F n ??I: # 0) is finite. 
(c) X has a base of strongly point$nite rank. 
Proof. To prove the implication (a) + (b), by Proposition 2.3, let K be a compact 
strongly countable dimensional subspace of X such that Ind H < ~0 for every closed 
set H of X which does not meet K. Let K = IJ {Ki: i E N}, where each Ki is 
a closed set of K with Ind Ki = ni < 03. For each i E N, let H, = X - S( K, l/i) 
and Ind H, = mi ~00, where S(K, l/i) ={XE X: p(x, K) < l/i} and p is a metric 
on X. Let Ki=I._{K:: s=l,..., n,+l} and H,=IJ{H:: t=l,..., mi+l}, where 
IndKf=OandIndH~=Oforeachs=i,...,n,+l,t=1,...,mi+1andi~N.By 
the arguments similar to that of [ 17, Section 11.7, A) and B)], we can obtain collections 
%S, s = 1,. . . ) n,+landiEN,andV:,t=l,...,mi+landiEN,ofopensetsof 
X which satisfy the following conditions: For each i E N, s = 1,. . , ni + 1 and 
t=l,..., m,+l, 
(1) %9 contains a neighborhood base at each point of Ki -I,_. {K,: j = 1, . . . , i - 1). 
(2) Vi contains a neighborhood base at each point of Hi - U {H, : j = 1, . . . , i - l}. 
(3) rank %j~ 1 and rank Vi< 1. 
(4) %“~“cS(K,l/i)n(X-U{K,:j=l ,..., i=l}). 
(5) Y:“n(S(K,l/i)uU{H,:j=l,...,i-1})=0. 
Put 933,=u{ouf: s=l,..., n,+l and iEN}, cZ?,=I_{V~: t=l,...,mi+l and 
i E N} and % = 9, u Bz. By virtue of the conditions (l), (2) and (3), it follows that 
9 satisfies the conditions (i) and (ii). Let F be a closed discrete subset of X. Since 
K is compact, F n K is finite. For each point x of F n K, we put i(x) = min{ i: x E K,}. 
By the condition (4), for each i> i(x) and each s = 1,. . . , n,+ 1, xE %s”. Put 
iO= max{i(x): x E Fn K}. Then it follows that for each i> i,, and each s = 
1,. . , ni + 1, Qf” n (Fn K) = 0. By the condition (5), F n K n ‘Ir# = 0 for every 
VE B3,. On the other hand, since F - K is a closed set of X which does meet K, 
there is a natural number i(F) such that (F - K) n S( K, l/i(F)) = 0. It follows that 
(F-K)n0211#=0 and (F-K)n’Vf#=B for each i>i(F), by (4) and (5). Let 
i>max{i,,i(F)}, s=l,.. .,n,+l and t=l,...,m,+l. Itfollowsthat Fn011:#=0 
and F n ‘Y”i# = 0. Thus 93 satisfies the condition (iii) and hence the proof of the 
implication (a) + (b) is completed. 
Since a base satisfying the conditions (i), (ii) and (iii) is of strongly point finite 
rank, the implication (b) + (c) is obvious. 
To prove the implication (c) + (a), let 9 be a base of strongly point finite rank. 
By Theorem B, X is a strongly countable dimensional space. Suppose that X does 
not satisfy the condition (K). By Proposition 2.2, there exists a discrete family 
{ U,,: n E N} of open sets of X such that Ind U,, 2 n for each n E N. Since 93 U, = 
{B n U,,: B E 933) is a base for U,, by Theorem A, for each n E N there exists a point 
x, of U,, such that rank,, %I”, an+1. Put F={x,: nE N}. Then F is a closed 
discrete subset of X and sup{rank, 9: x E F} = ~0. This is a contradiction. Thus the 
implication (c) + (a) is shown and hence the proof of the theorem is completed. 0 
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3.7. Theorem. A metrizable space has large tramfinite dimension if and only if it is 
of strongly countable large basis dimension. 
Proof. The proof of the ‘only if’ part is a slight modification of that of the implication 
(a) + (b) of Theorem 3.6. To prove the ‘if’ part, let % = { %‘,,: n E N} be a base as 
stated in Definition 3.5. Since X is of countable large basis dimension, by Theorem 
C, X is a countable dimensional space. Suppose that X does not satisfy the condition 
(K). By Proposition 2.2, there exists a discrete family {U,,: n E N} of open sets of 
X such that Ind U, 3 n for each n E N. By Theorem A, for each n E N, there exists 
a point x, of U,, such that U {%$: i = 1,. . . , n} does not contain a neighborhood 
base at x,. Put F = {x,: n E N}. Then F is a closed discrete subset of X and 
U { 3,: i = 1, . . , n} contains no neighborhood base at x, for each n E N. This 
contradicts the condition of !??I. Thus X satisfies the condition (K) and hence X has 
large transfinite dimension, by [7, Proposition 21. 0 
By Theorems 3.6 and 3.7 and [9, Theorems 3 and 41, we obtain the following. 
3.8. Corollary. Let X be a normal WA-space or normal C-space. Then X is a metrizable 
space that has both large transfinite dimension and strong small transjinite dimension 
if and only if X satisfies the condition (b) of Theorem 3.7. 
3.9. Corollary. Let X be a normal WA-space or normal I-space. Then X is a metrizable 
space having large transjnite dimension if and only if X is of strongly countable large 
basis dimension. 
The following simple example shows that the assumption of the metrizability is 
essential in Theorems A, B, C, 3.6 and 3.7. 
3.10. Example. There exists a LaSnev space Y with Ind Y = 1 such that Y has no 
base of point finite rank and is not of countable large basis dimension. Indeed, let 
Iti, n E N, be copies of the unit segment [0, 11. Let X = @ {I,,: n E N} be the discrete 
union of {I, : n E N} and A a subset of X consisting of all zeros. Let Y = X/A be 
a quotient space and f a natural mapping. Then it is clear that Y is a non-metrizable 
Lindelijf LaSnev space with Ind Y = 1. By [9, Theorem 31, it follows that Y is not 
of countable large basis dimension. Now we shall show that Y has no base of point 
finite rank. Suppose that Y has a base 3 of point finite rank. Put y0 = f(A) and 
%I,, = {B E 3: yO E B}. Let rank s3, = n,. Since Y - {yO} is a metrizable space with 
dim( Y - {yo}) = 1, by Theorem A, there is a base 3 for Y - {yO} such that rank 011 =2. 
Let ‘V = $Z&) u 011. Then V is a base for Y such that rank V G n, + 2, that is, Y has a 
base of finite rank. Since Y is separable, by [8, Theorem 5.31, Y has a countable 
base. This contradiction shows that Y has no base of point finite rank. 
In connection with a metrization, the following problem, which is a weaker 
problem of [8, Problem 7.21, is raised. 
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3.11. Problem. Is every collectionwise normal E-space with a base of strongly point 
finite rank metrizable? 
Now we characterize the spaces that have both large transfinite dimension and 
strong small transfinite dimension in terms of developments. The analogous charac- 
terizations of strongly countable dimensional spaces have been obtained by Nagata 
[15] and Nagami and Roberts [ 141. We recall that a sequence { Ou,: i E IV} of open 
covers of a space X is a strong development for X if for each point x E X and each 
neighborhood U of x there are a neighborhood V of x and in N such that 
St( v, ai) c u. 
3.12. Theorem. Let X be a metrizable space. Then the following conditions are 
equivalent: 
(a) X has both large transfinite dimension and strong small transfinite dimension. 
(b) X has a development { oUi: i E N} which satisfies the following conditions: 
(i) For each i E N, %,+, is a star-refinement of %!I$. 
(ii) For each closed discrete subset F of X, sup{ord, olli: x E F and i E N} < 00. 
(c) X has a strong development {Qi: i E N} which satisfies the condition (ii) above 
and the following condition (iii): 
(iii) For each i E N, (Bit, is a refinement of qti 
Proof. First we shall prove the implication (a) + (b). Let the notations K, Ki, H,, n, 
and mi be the same one that we introduced in the proof of the implication (a) + (b) 
of Theorem 3.6. Let 5 denote a collection of all closed discrete subsets of X and 
F an element of 9. For each x E F n K, we put 
(6) i(x) = min{ i: x E Ki}. 
Let i(F) be a natural number such that 
(7) (F-K)nS(K,l/i(F))=@ 
We define a mapping cp of 9 to N as follows: 
{ 1 
i(x) 





To prove the implication (a) + (b), it is sufficient to show that for every open cover 
011 of X there exists an open cover V which refines 011 such that 
(8) sup{ord, V: x E F} s cp( F) for each FE 9. 
By the modification of the proof of [ 15, Theorem 5.41, we can obtain the sequences 
of collections {C+S3,: i E N} and { Ur,: in N} of open sets of X which satisfies the 
following conditions: For each i E N, 
(9) Ki-U{K,:j=l,..., i-1)~ 37~ S(K, l/i). 
(10) Hi-u{H,:j=l,..., i-l}c U’“cX-S(K, l/i). 
(11) %‘3# n (U {K,: j = 1,. . . , i - 1)) = 0. 
(12) ‘JV#n(u{H,:j=l,..., i-l})=@ 
(13) a3, and W, are refinements of %(P$ and W, are not necessarily covers of X). 
(14) ordC?Z$<n,+l and ord Wism,+l. 
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Put V = U { Bi: i E N} u l_, { Ur,: i E N}. Then Y” is an open cover of X which 
refines Ou. Let F be an element of 5. By the conditions (lo), (6), (11) and (14), for 
each x E F n K, we obtain the following: 
ord,V=ord,(U{%$: ie N})=ord,(U{%,: i=l,..., i(x)}) 
Let XE F-K. By the conditions (7), (9) and (14), it follows that 
ord,(U{B,:iEN})=ord,(U{%‘i:i=l ,..., i(F)})< C (n,+l). 
,=1 
On the other hand, by the conditions (12) and (14), 
i(F) 
ord,(U{‘Wi:i~N})=ord,(U{W,:i=l,...,i(F)})~ C (m,+l). 
I=, 
Thus it follows that 
l(F) I(F) 
ord,~~ iz, (“i+l)+ C (mi+l)scP(F). 
r=, 
Therefore the condition (8) is satisfied. This completes the proof of the implication 
(a) + (b). 
Since a development { 3,: i E N} of X satisfying the condition (i) is a strong 
development, the implication (b) --f (c) is obvious. 
Let { Ou,: i E N} be a strong development for X satisfying the conditions (ii) and 
(iii). Then, by [14, Theorem 21, X is strongly countable dimensional. By Proposition 
2.3, to prove the implication (c) + (a), it is sufficient to show that X satisfies the 
condition (K). 
Suppose that X does not satisfy the condition (K). By Proposition 2.2, there 
exists a discrete family { V,,: n E N} of open sets of X such that Ind V, L n for each 
n~N.Foreachn~N,{%,lv,,: i E N} is a strong development for V,, such that %,+l/v,, 
is a refinement of %,1,# for each iE N, where qilv,, = { U n V,,: U E %,}. Hence, by 
[14, Theorem 31, for each n E N, there exist a point x, of V, and a natural number 
i(n) such that ord,? %,,,,lv,V Zn+l. Put F={x,: HEN}. Then it is 
sup{ord, a%,: x E F and i E N} = 0~. This contradicts the condition (ii). 
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